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Dear Editor,
We have read with great interest the recent paper by Gärtner et al.
(2015) on EEG microstate sequences. These authors propose a stochastic
model termed sampled marked intervals (SMI), relating the observed microstate sequence to an assumed underlying stochastic process, similar to
earlier work that proposed Hidden Markov Models (HMM)(De Lucia
et al., 2011; Obermaier et al., 1999). We very much appreciate such a
theoretical approach to enrich the classical EEG microstate analysis
(Lehmann and Skrandies, 1984). In particular, we agree with the authors
about the decisive procedure of restricting the analysis to local maxima of
global ﬁeld power (so called GFP peaks). However, in our opinion, one of
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the key features of microstate sequences is not considered in this paper:
their long-range dependencies (Van De Ville et al., 2010). Conventional
HMMs are well-known for their efﬁciency in modeling short-term dependencies between adjacent elements, but they cannot grasp longrange interactions between distant elements (Yoon and Vaidyanathan,
2006). Here we give an overview on evidence of long-range dependencies in microstate sequences of the resting brain.

1. Background—long-range dependency in complex systems
Long-range dependency (LRD) or “long memory effect” describes an
exceptional behavior of a stochastic process, which appears in only a
minority of stationary stochastic processes. The importance of LRD
has become clear with the original work of H. E. Hurst, who developed
the basic methods to assess the dynamics of ﬂoods in River Nile
(Mandelbrot, 1965). LRD has become closely associated with selfsimilarity. In geometry, a self-similarity depicts a shape being composed
of a basic pattern, which is repeated at multiple (or inﬁnite) scale. In a
self-similar process a scaling in time equivalents scaling in space (fractal
structure) (Mandelbrot, 1983), and the connection between the two
types of scaling is determined by a constant, often called the “Hurst exponent”, which determines whether or not the self-similar process
shows LDR (Samorodnitsky, 2006). Self-similar processes are based on
power-law degree distributions (heavy-tailed), especially in failurerobust and self-regulating organizations of biological networks
(Barabasi and Albert, 1999).
There is currently growing awareness about the importance of
heavy-tailed distributions in a remarkable variety of biological and
life-science related ﬁelds (Arita, 2005; He et al., 2010; Limpert and
Stahel, 2011; Limpert et al., 2001). The lognormal distribution is increasingly recognized not only as being the underlying principle of psychophysics (i.e. the Weber–Fechner-Law of perception), but equally being
present at multiple levels in neuronal structural–functional activity,
starting from the axon caliber (Wang et al., 2008), over synaptic
strength (Klinshov et al., 2014; Loewenstein et al., 2011; Yasumatsu
et al., 2008), the neuronal ﬁring pattern (Mizuseki and Buzsaki, 2013;
Yasumatsu et al., 2008), up to the density of the brain's large-scale
connections (Markov et al., 2014; Oh et al., 2014; Wang et al., 2012).
The similarity of power-law distributions and other heavy-tailed distributions (e.g. lognormal) has been explained by our imperfect observation of
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Lehmann et al., 2005; Wiedemann et al., 1998). However, it has rarely
been acknowledged that the consecutive durations of a selected microstate occur in a very irregular “bursty” order (Fig. 2A). Moreover, the selected microstate also repeats at very irregular intervals, reﬂecting the
same irregular and “bursty” structure as the durations (Fig. 2B).
The histograms of both microstate durations and betweenmicrostate-intervals are reminiscent of a heavy-tailed distribution
(not to be confounded with the histogram of intervals between local
maxima of global ﬁeld power, as shown in Gärtner et al. (2015). The
underlying distribution was compared against plausible heavy-tailed
distributions (lognormal, generalized pareto, gamma and exponential)
using quantile–quantile plots (Q–Q plots; Fig. 1C). Lognormal and pareto distribution seem closest to the empirical measures, but notice
that any of the four could be chosen based on different theoretical a
priori assumptions.
3. Evidence of self-similarity and quantiﬁcation of
long-range dependency
In this section we demonstrate self-similar properties and LDR in the
microstate sequence using popular methods. For comparison, we generate a pseudo sequence, by estimating the Markovian transition probabilities from our original microstate sequence using a simple Markov
Model,1 as used by Gärtner and colleagues (Gärtner et al., 2015). In
the following we refer to this pseudo sequence as “HMM sequence”.
Both microstate and HMM sequences are then transformed into random
walks as described in Van De Ville et al. (2010), in order to apply the
below described methods.
3.a. Autocorrelation shows a slow decay
Fig. 1. Examples of scale-free behavior in sequences of other domains. A. Scale-free behavior has been repeatedly demonstrated in ethernet bytes-per-time arrival statistic, shown
here at two different aggregation levels (graph recreated following Riedi et al. 1999)
from the publicly available Bellcore internet traces (BC-pAug89)). B. Interval lengths between consecutive occurrences of the word “the” in the English language (Banchs,
2013) resembles strongly a scale-free behavior (original graph obtained by the author).

natural phenomena, which let power-law distributions arise from lognormal distributions upon small tweaks, e.g. by the setting of a lower
boundary, or a non-uniform data sampling (Arita, 2005). In general, the
lognormal distribution emerges as the collective ﬁngerprint of a multitude of interactive processes, via a multiplication of a large number of
variables (Buzsaki and Mizuseki, 2014).
Complex systems with inherent LRD have been described in many
other ﬁelds, and its mathematical concepts are fruitfully employed.
Numerous studies demonstrate LRD for example in geological and climate research (Scheffer et al., 2009; Varotsos and Kirk-Davidoff,
2006), ﬁnance market ﬂuctuations (Matteo et al., 2005; Robinson,
2003), in Internet modeling and network trafﬁc analysis (Abry et al.,
2002; Karagiannis et al., 2004; Riedi et al., 1999), or statistic analyses
of human language (Alvarez-Lacalle et al., 2006; Petersen et al., 2012).
Fig. 1A shows an example of an ethernet bytes-per-time arrival, at two
different aggregation levels. Short packages alternate with long packages in a typical manner, according to a heavy-tailed distribution
(Riedi et al., 1999). Another example with very similar, “bursty” intervals originate from linguistic analysis: the frequency of word occurrence
was at the origin of Zipf's Law in 1949 and shows similar LRD dynamics
(Alvarez-Lacalle et al., 2006; Petersen et al., 2012). Fig. 1B plots the interval lengths between consecutive occurrences of the short word
“the” in the English language (Banchs, 2013).
2. The heavy-tailed distributions of EEG microstate durations and
intervals suggest long-range dependency
As Gärtner et al. (2015) mention, the duration of the microstates appears to be one of the most informative properties (Dierks et al., 1997;

Compared to the HMM sequence, the microstate sequence displays a
slower decaying autocorrelation function (ACF; Fig. 3A). Such a high and
slowly decaying ACF points to two properties of a stationary process, its
self-similarity and its long-memory properties. The self-similar pattern
also evokes scale invariance (scale-freeness), a synonym for “fractal
structure” in a statistical sense.
3.b. Power spectral density shows a negative slope (power-law behavior)
Time series of the type of Poisson or Markov rely on the assumption
of independence between the elements. Classical limit theorems, such as
the Law of Large Numbers, state that, at large scales, a Poisson process
can be approximated by its mean arrival rate. In the real world, however, various real world phenomena carry essential information at different scales of observation; their traces are “spiky”, throughout all
scales. Such behavior is a sign of strong dependencies in the data:
large values come in clusters and clusters of clusters and so on. Their
power spectral density estimate, in double-logarithmic presentation,
is not horizontally balanced across the different frequencies like in
the HMM sequence, but it displays a negative slope, indicating with
power-law like behavior (He et al., 2010), as shown for a selected microstate sequence in Fig. 3B.
3.c. Rescaled range analysis (R/S) shows a Hurst exponent N 0.5
Such a slowly decaying autocorrelation function and a negative
slope of the periodogram was equally true for the classical hydrological
data of the ﬂoods of River Nile from which H. E. Hurst, in the early 1950s,
developed the estimation of LDR using the “pox plot” of the “rescaled
1
The sequence was created using MATLAB statistical toolbox with the following
commands:
[TransitionM, EmissionM ] = hmmestimate(orig_microstate_labelseq, orig_microstate_
labelseq);
HMMSeq = hmmgenerate(length(orig_microstate_labelseq), TransitionM, EmissionM);
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Fig. 2. Distribution of durations of microstates and between-state intervals. A – Top: The durations of consecutive occurrences of one selected microstate. They are very irregular, with high
variance. Bottom: The histograms of durations for a set of 4 microstates. All 4 histograms show a heavy-tailed shape. B – Top: The intervals between the same ﬁrst consecutive occurrences
of the same microstate as in A. These between-state-intervals resemble the durations in irregularity and variance. Bottom: The corresponding histograms: all between-state-intervals
show similar histograms as the durations. C. Q–Q plots illustrating the comparison of the histogram of durations of a selected microstate with heavy-tailed distributions such as lognormal,
generalized pareto (power-law), gamma and exponential.

range”. In this method the range of the data is rescaled at increasing
time blocks, using a division by the standard deviation (range/SD
or R/S). When plotting R/S over the increasing time blocks in logarithmic axes, a least-square line can be ﬁtted. The slope of this ﬁtting line indicates the degree of LRD and is called the “Hurst exponent”. A slope of

0.5 is indicating random behavior equivalent to white noise, while a
slope of N 0.5 indicates the presence of LRD. Fig. 4A shows such a pox
plot for a selected microstate sequence (the slope of 0.65 indicates
LRD), compared to the HMM sequence (the slope is not different from
0.5).

Fig. 3. Basic methods of determining long-range dependency in microstate sequences. A. The sample autocorrelation function shown for a selected microstate sequence for a time lag 1 to
500 ms (black), and the sample autocorrelation function of the HMM sequence (blue). Both ACF exhibit a slow decay; however, the HMM sequence arrives at 0 at the lag of 260 ms, while
the microstate sequence decays much slower at lags N100 ms, and multiple Ljung-Box Q-tests demonstrated a signiﬁcant autocorrelation for all possible lags (mean p = 0). B. The power
spectral density estimation between 0.1 Hz and 10 Hz of the whole microstate sequence (Welch's method, L = 2048, overlap 87.5%, black line), and the power spectral density estimation
of the HMM sequence (blue line). The microstate sequence shows a strong negative slope (red line) consistent with a power-law like pattern, while the HMM sequence is almost ﬂat.
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Fig. 4. Different quantiﬁcation of long-range dependency (Hurst exponent estimators). A. The pox plot of “rescaled range” over increasing blocks of time shows a linear ﬁt line with a slope
of 0.65 indicating LRD (red line), the ﬁtting of the “rescaled range” of the HMM sequence has a slope of 0.54, which is close to random white noise (blue dotted line). B. Time-variance
analysis relates variance and aggregate levels of time in a double logarithmic plot. The values of an HMM sequence (blue) follow the diagonal dotted line (β = 1, H = 0.5), while the values
of the microstate sequence follow a line (red), which lies more horizontal (1 NβN 0, 0.5 b H b 1), indicating present long-range dependency. C. Detrended ﬂuctuation analysis (DFA) of a
microstate sequence. The ﬂuctuation function F(n) plotted against the time window size n in log–log presentation. The values display a slightly curved line with a slope of 0.65 (red line),
while the HMM sequence follows the slope of 0.51 (blue). D. The wavelet leader framework based method used in (Van De Ville et al., 2010) estimates the Hurst exponent across 6 different
orders of power exponents q (0 to 5), resulting in a more stable and complete estimation of the Hurst exponent. The resulting scaling spectra build a straight line (black) with a slope 0.84
showing strong LRD. The HMM sequence (blue) displays a slope of exactly 0.50, consistent with the expected behavior of random white noise.

3.d. Time-variance analysis shows long-range dependency
There is no unique way to calculate the Hurst exponent, but several
techniques can be used for its estimation (Sarker, 2007). Another variant of LRD sensitive analysis is the time-variance analysis. When generating an temporal aggregation at different levels m and calculating the
variance at each level of aggregation, the logarithmic dependence diagram will represent a descending line with a slope equal to −β, and
the Hurst exponent is 1 − β / 2. As shown in Fig. 4B, the HMM sequence
follows directly the descending diagonal (β = 1 and H = 0.5), whereas
the selected microstate sequence stays clearly more horizontal, with
1 N β N 0 and 0.5 b H b 1, conﬁrming LRD in the data.

3.e. Detrended ﬂuctuation analysis shows self-similarity and power-law
behavior
Detrended ﬂuctuation analysis (DFA), is another, very popular, approach of capturing self-similarity and the presence of LRD, which has
proven very useful in the analysis of a variety of complex physiological
signals of any kind (Goldberger et al., 2000; Peng et al., 1994). In this
method, the integrated sequence is divided into time windows of
equal length n. Each window is detrended and the ﬂuctuation function

F(n) is measured as the average of all standard deviations in all n
detrended time windows. This measure is repeated for a whole scale
of different n and presented in a log–log plot. The ﬂuctuation function
F(n) displays a straight line, with, in case of a LRD sequence, a slope
between 0.5 and 1, similar to the Hurst exponent (Fig. 4C). The linear
relationship on the log–log plot indicates the presence of power law
(fractal) scaling.
3.f. Wavelet framework shows fractal behavior
Wavelet frameworks (Arneodo et al., 1988; Jaffard, 2004; Wendt
et al., 2007) combine analyses at multiple scales in a robust way and
provide therefore a more natural and elegant analysis of scale invariant
properties of a complex system. In Van De Ville et al. (2010), the Hurst
exponent was estimated using scaling spectra (ζ) of 11 different
power exponents q (−5 to 5), allowing to go beyond second-order statistics as the time variance analysis. Fig. 4D shows the result of this
method, the plot of the estimates of the scaling exponents ζ as a function
of q. The slope of the microstate sequence is signiﬁcantly N 0.5, the slope
of the HMM sequence is exactly 0.5 (dotted line), which is like a white
noise sequence.
Van De Ville et al. (2010) have ruled out that the observed long
memory effect appeared as an artifact of applied ﬁlters. The comparison
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of the original sequence with a shufﬂed-labels sequence (keeping
the temporal relations unchanged), and with an equalized-duration sequence, demonstrated the importance of the temporal properties of the
microstate sequence, with a large variety of durations, in order to maintain fractal organization and LRD. The duration-equalized sequence has
similar dynamics as white noise, although the exact sequence of transitions from one to the next state was maintained. The transition probabilities of a simple Markov chain only reﬂect the proportion of the overall
presence for each of the four maps. They are not inﬂuenced by shortrange interactions, but they cannot capture the important long-range
interaction.
3.g. Multiscale permutation entropy shows the importance of local variation of higher order
Entropy is an information-theoretic measure of higher-order system
complexity that attracted much attention from various ﬁelds. Different
methods have been proposed to calculate the entropy of a complex system (Bandt and Pompe, 2002; Costa et al., 2002; Ouyang et al., 2013;
Pincus, 1991). Here we use a recent approach, termed “multiscale permutation entropy” (MPE) (Ouyang et al., 2013; Wu et al., 2014), combining different scales (Costa et al., 2002) and permutation orders
(Bandt and Pompe, 2002), in order to demonstrate the relationship between local and global information content in the microstates sequence.
Entropy of a single discrete random variable is a measure of its average
uncertainty (Costa et al., 2002):
H ðX Þ ¼ −

X

pðxi Þ logpðxi Þ:

xi ∈Θ

MPE uses a scaling factor s deﬁning the granularity, and an embedding factor m deﬁning the order of permutation. For example, to calculate MPE with s = 10 and m = 5: ﬁrst, every 10 non-overlapping time
points (x(t)…x(t + 10)) are averaged into a coarse grained surrogate
sequence; second, for every 5 of the resulting surrogate elements the
entropy is calculated for all possible permutations and averaged. Fig. 5
shows the MPE of a selected microstate sequence using permutations
from 2nd to 7th order, and for a scaling from 1 to 125 (corresponding
to 1 s; red circles), compared to the entropy of the HMM sequence
(blue dots). Globally, entropy almost linearly decreases with growing
permutation order. For each m, entropy is lowest in the ﬁne scales, increasing rapidly with coarser granularity.
This provides evidence that local variation (low s) of high order
(high m) contains most of the information in a microstate sequence;
the coarser the granulation is (high scale), the more ﬂattened and the
more similar to noise it becomes, and the lower the permutation
order, the more noise like the sequence is. This converges with the
high importance of local variety for long-range dependency in microstate sequence.

Fig. 5. Multiscale permutation entropy (MPE) using permutations from 2nd to 7th order
(m), shown for different scales from 1 to 125 (sampling rate 125 Hz) for a microstate
sequence (red) and HMM sequence (blue) in log–log presentation. For each m, entropy
is lowest in the ﬁne scales, increasing rapidly with coarser granularity. With growing
permutation order, entropy decreases and is clearly lower than for the HMM sequence.
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4. Need of enhanced Markov models to adequately describe
microstate sequences
Markov chains have been used before to describe microstate sequences (Lehmann et al., 2005; Nishida et al., 2013; Wackermann
et al., 1993). These models seduce on the ﬁrst glance by their simplicity
and direct application to the sequence of microstate. However, in a 1storder Markov chain, as Gärtner et al. (2015) mention themselves, the
probability that the next state is s, given a current state r, only depends
on the current r, and is given by the transition probabilities P(s|r). Time
is considered homogenous, meaning that the transition probability matrix stays constant during the whole sequence. The probability of the n
following steps will spread out away from the initial random point,
and, with increasing n, approach the same limiting distribution π
when n → ∞ (i.e. the probability of 0.25 for each in a set of 4 microstates), given it is an aperiodic, irreducible, transient and stationary
Markov chain (central limit theorem). If n is limited, the transition probability matrix will simply reﬂect the occurrences per microstates
(Chang, 2007). Long-range dependency is not captured with these Markov models (Callut and Dupont, 2005; Park et al., 2012; Yoon and
Vaidyanathan, 2006).
One of the classic models based on local interactions, but capable of
long-range dependency and generation of scale-free signals is the Ising
model. It is a ferromagnetic model consisting of discrete integer variables (spins, taking values −1 or +1), organized in a lattice. Normally
this system behaves only according to short-term interactions, but
there is a critical parameter adjustment, by which long-range dependence does emerge. Similar to the Ising model, where a spatial arrangement (lattice) and a contextual behavior of the ferromagnetic spins is a
precondition in order to produce, under certain circumstances, longrange dependencies, there have been several propositions to improve
the long-range capability of Markov models. For example, a contextsensitive HMM was introduced (Yoon and Vaidyanathan, 2006), associated at a dynamic programming in order to ﬁnd the optimal state sequence, as well as a parameter re-estimation algorithm for optimizing
the model parameters, given training sequences. Another example is
the introduction of structure, associated at non-linear optimization
and iterative state splitting (Callut and Dupont, 2005). A third example
is the proposition to include a variational Gaussian process dynamical
system in the HMM used in phoneme classiﬁcation (one of the most
successful practical ﬁelds of HMM application), enabling the complex
dynamic structure and long-range dependency of speech to be better
represented than that by an HMM (Park et al., 2012).
5. Conclusion
In sum, we retain that scale-free dynamics in EEG microstate sequences are reminiscent of the complex system of the brain, likely as a
result of self-organizing mechanisms (Bak et al., 1987; Barabasi and
Albert, 1999) with uncountable activators (Buzsaki and Mizuseki,
2014), all operating far from homeostasis (Breakspear and Stam,
2005). Scale-freeness is a sign of efﬁcient and ﬂexible information
ﬂow between multiple sources (Kello et al., 2010), and from an evolutionary point of view might enable the system to adapt and reconﬁgure
rapidly, so that learning can occur on this basis (de Arcangelis and
Herrmann, 2010; Lewis et al., 2009). Fractal organization has been demonstrated in an increasing number of physiological measurements, such
as heartbeat rhythm (Goldberger et al., 2000) and gait stride (Peng et al.,
2000).
The microstate analysis of the resting brain provides therefore an
ideal macroscopic observational window of these global temporal aspects of spontaneous brain activity. In the light of the above-presented
evidence, further adequate modeling of microstate sequences needs to
go beyond the step-by-step short-term interactions of the states. As
demonstrated here and initially by Van De Ville et al. (2010), the longrange dependency of the microstate sequence is not based on the
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sequence of the labels alone, but much more on the temporal relations
within and between the states. As a consequence, an empirical microstate sequence, which was arbitrarily “re-labeled” by an applied HMM,
still would display LRD in case the durations and intervals are preserved,
i.e. the “shufﬂed label” condition in Van De Ville et al. (2010). It is the
microstate durations and between-state intervals that involve higherorder relationships with quantiﬁable long-range dependency.
We would therefore like to encourage the authors of Gärtner et al.
(2015) to solicit their HMM model like approach of “sampled marked
intervals” (SMI) also for its capability to capture long-range dependency. In case the presented SMI model indeed lets emerge LRD, this property should also be described. If, however, the SMI model does not allow
to capture LRD, we would suggest the authors to consider an extension
of their model that would allow for LRD, a key feature of the EEG microstate sequence.
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