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ABSTRACT

Connectomes’ topological organization can be quantified using graph theory. Here, we
investigated brain networks in higher dimensional spaces defined by up to 10 graph theoretic
nodal properties. These properties assign a score to nodes, reflecting their meaning in the
network. Using 100 healthy unrelated subjects from the Human Connectome Project, we
generated various connectomes (structural/functional, binary/weighted). We observed that
nodal properties are correlated (i.e., they carry similar information) at whole-brain and
subnetwork level. We conducted an exploratory machine learning analysis to test whether
high-dimensional network information differs between sensory and association areas. Brain
regions of sensory and association networks were classified with an 80–86% accuracy in a
10-dimensional (10D) space. We observed the largest gain in machine learning accuracy
going from a 2D to 3D space, with a plateauing accuracy toward 10D space, and nonlinear
Gaussian kernels outperformed linear kernels. Finally, we quantified the Euclidean distance
between nodes in a 10D graph space. The multidimensional Euclidean distance was highest
across subjects in the default mode network (in structural networks) and frontoparietal and
temporal lobe areas (in functional networks). To conclude, we propose a new framework for
quantifying network features in high-dimensional spaces that may reveal new network
properties of the brain.

AUTHOR SUMMARY

Nodal properties are of particular importance when investigating patterns in brain networks.
Nodal information is usually studied by comparing a few nodal measurements (up to three),
resulting in analyses in three-dimensional spaces, at maximum. We offer a new framework
to extend these approaches by defining new, up to 10-dimensional, mathematical spaces,
called graph spaces, built using up to 10 nodal properties. We show that correlations between
nodal properties express differences regarding connectome models (structural/functional,
binary/weighted) and brain subnetworks. We provide early application and quantification of
machine learning in graph spaces of dimensions 2 to 10, as well as a quantification of single
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brain regions, and global connectome, Euclidean distance in a 10-dimensional graph space.
This provides new tools to quantify network features in high-dimensional spaces.

INTRODUCTION

Network theory has become an emerging avenue of investigation in science (Das et al., 2018;
Du et al., 2015; Jordán et al., 2007; Kleinberg & Lawrence, 2001; Park, 2003; Pedersen et al.,
2020). Network analysis is particularly relevant in neuroscience since the brain and its neu-
rons comprise complex and multiscale interconnected networks (Avena-Koenigsberger et al.,
2015; Bullmore & Sporns, 2009; Farahani et al., 2019; Fornito et al., 2016; Goñi et al., 2013;
Simas et al., 2015; Sporns, 2016; Stam, 2014; Wang et al., 2010). A better comprehension of
brain networks is a critical element in searching not only for simple and noninvasive diagnos-
tic markers of neuropsychiatric and neurological diseases (Bassett & Bullmore, 2009; Zhao
et al., 2019) but also for the general understanding of how the different brain structures interact
(Sporns, 2018; Yeo et al., 2011). An essential idea of network theory is the concept of node-
level invariants, called in this study as nodal properties, which are nodal scores reflecting the
nodes’ “importance” or topological role in the whole network. In graph theoretical terms,
nodal properties can be divided into integration measures (e.g., centralities) and segregation
measures (e.g., clustering coefficient). Using graph nodal properties, we can also build a rank-
ing of nodes and compare different nodes.

In computational and clinical neurosciences, many studies have used nodal properties at
different scales to characterize the brain organization in healthy and diseased populations
(Bassett & Bullmore, 2009; Stam, 2014; Sun et al., 2019; van den Heuvel & Sporns, 2019),
with popular nodal property measures being the degree, betweenness, closeness, and eigen-
vector centrality (Joyce et al., 2010; Kuhnert et al., 2012; Mantzaris et al., 2013; Zuo et al.,
2012). Moreover, nodal properties can be combined and considered jointly within multidi-
mensional spaces. For example, Joyce and colleagues (Joyce et al., 2010) defined a new nodal
property called leverage centrality and compared it with three well-known nodal properties
in connectomes (degree, betweenness, and eigenvector centrality). To this end, they defined
two-dimensional (2D) and three-dimensional (3D) spaces, where the different nodal proper-
ties represent the spaces’ dimensions and the single brain regions are points living in these
spaces. Zuo and colleagues (Zuo et al., 2012) used voxel-level nodal property scatterplots to
investigate the relationship between different invariants of brain functional connectomes.
Nonetheless, most work on graph nodal properties applied to connectomes has been done
in 1D, 2D, or 3D spaces, that is, considering a few nodal properties at a time.

Our current study aims to extend these works by investigating brain connectomes within
high-dimensional nodal properties’ spaces. To this end, we considered up to 10 graph nodal
properties and used them to define multidimensional spaces within which we characterized
internodal and intersubject connectomes’ distances. Our work proposes a new way to use
graph nodal properties by creating Euclidean spaces, where each axis represents a graph nodal
property. Each node (brain region) has a precise position in these spaces, defined by its nodal
scores that make a set of coordinates.

Three main analyses were performed in this study. First, to understand similarities and dis-
similarities between different nodal properties, we conducted a correlation analysis between
nodal properties, both at whole-brain and functional subnetworks’ levels. Second, we
explored the multidimensional graph spaces derived from up to 10 nodal properties using

Graph:
A network composed of nodes
connected via edges.

Connectome:
A graph representing the brain with
nodes and edges representing brain
regions and connections between
them.

Correlation:
A measure of similarity between two
variables, signal, or vectors.
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machine learning (ML) to test whether brain regions belonging to different brain circuits can be
differentiated in such spaces and provide early results on how much information is gained
when using higher spaces. Finally, we characterized each brain region based on its interin-
dividual mean distances in multidimensional graph spaces. This analysis allowed us to iden-
tify the brain regions yielding the largest interindividual variability in a multidimensional
graph space.

RESULTS

Our approach comprises three steps and is schematized in Figure 1. First, each connectome’s
different nodal properties are computed (Figure 1A). The 10 nodal properties considered in this
work are listed and explained in more detail in the Graph Invariants section. The rationale for
investigating 10 nodal properties is to understand which additional information about the
human connectomes we can gain compared with considering smaller nodal properties’ sub-
sets. It also allows exploring different combinations of invariants in lower dimensional spaces
(2D and 3D, for example) to study connectomes. The next step is to interpret each computed
nodal property as an axis of a multidimensional Euclidean space, as well as the nodal property
scores of each brain region (network node) as coordinates in such space (Figure 1B). This
results in embedding each node in a new multidimensional space that we name “graph
space.” The value of this embedding is that brain regions are placed in the graph space accord-
ing to their properties concerning the whole-brain network and can be easily compared
between each other and across different subjects. The final step is to explore this new space.
We propose to compute pairwise distances between brain regions in the graph space. We used
the Euclidean distance since we are working in an Euclidean space and it can be very easily
defined and calculated in a space of any dimension (Figure 1C). The Euclidean distance can
also be used to compare connectomes from different subjects at multiple scales (Figure 1D), for
example, considering a single brain region across subjects or an average global distance.

Machine learning:
Optimization of algorithms to
automatically find patterns in data for
prediction.

Figure 1. Schematic of graph nodal properties in Euclidean space and node distance. (A) Nodal degree, eigenvector, and betweenness cen-
trality nodal properties computed on the same toy graph. (B) Illustration of the 3D metric space (3D graph space) built from the above-listed
nodal properties (degree, eigenvector, and betweenness centrality). Each dot represents a node of the toy graph in (A). As an example, the red
dot corresponds to the red node. (C) Euclidean distance d between two graph nodes embedded in a 2D space. (D) Euclidean distances
between homologous brain regions (regions 1, 2, and 3) from different subjects (A and B), and the average distance between the two subjects
across homologous brain regions.

Euclidean distance:
A distance measure between two
points.
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Graph Nodal Properties Are Correlated at Whole-Brain and Subnetwork Levels

We derived group-representative connectomes from structural, diffusion, and resting-state
functional magnetic resonance imaging (fMRI) data of 100 healthy subjects of the Human
Connectome Project (Van Essen et al., 2013), each one composed of 219 nodes (brain
regions). The 219 regions were grouped into nine resting-state networks (RSNs) (Yeo et al.,
2011). Multiple connectome models were considered: binary structural and functional
(SCBIN and FCBIN), as well as weighted structural (length-based) and functional (Length-
SCWEI and FCWEI). Further details about constructing these connectomes can be found
in the Connectomes section.

Since the 10 nodal properties are the building blocks of the graph space, the first question
we asked was the following: To what extent are these nodal properties correlated? To answer
this question, we computed the Spearman’s rank correlation coefficient (ρ) between every
pair of nodal properties, resulting in 10 × 10 correlation matrices, one for each model
(see Supporting Information Figure S1). The same correlations were also computed at the
RSN level. Figures 2A and 2B illustrate the Spearman correlation patterns for each RSN of
the following connectome models: weighted structural, weighted functional, and binary func-
tional weighted by the structure. The Supporting Information Figures S2A and S2B show
results for the three other models. These results chart an atlas of nodal properties where we
can see which pairs carry redundant information, for the different RSNs and connectome
models. The results show, respectively, positive and negative Spearman’s ρ values (in yellow
and blue in Figure 2). As expected, for almost all models and RSNs, the clustering coefficient
and average shortest path length correlate negatively with all the other nodal properties and
have a strong positive correlation. The results at the RSN level show a general pattern of strong
positive correlation between the clustering coefficient and average shortest path length; strong

Structural and functional
connectome:
Different models of connectome
where the edges represent either
structural (physical) brain
connections or functional
(brain activity) correlations.

Figure 2. Spearman correlations between nodal properties at the RSN level for three connectome models. (A) Left, weighted structural. (B)
Right, weighted structural. Spearman’s correlations computed average across subjects. Since the matrices are symmetric, only the upper tri-
angular part is shown for visual simplicity. The nine matrices on the left, middle, and right represent the nine RSNs of the Length-SCWEI and
FCWEI, respectively. The number next to each RSN indicates the number of nodes from the whole network that belongs to the RSN. Nodal
property nomenclature; 1 = degree, 2 = betweenness centrality, 3 = closeness centrality, 4 = eigenvector centrality, 5 = clustering coefficient,
6 = participation coefficient, 7 = within-module degree z-score, 8 = PageRank centrality, 9 = average shortest path, and 10 = subgraph.
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positive correlations between degree, betweenness centrality, closeness centrality, eigenvector
centrality, within-module degree z-score, PageRank centrality, and subgraph; and moderately pos-
itive correlations between clustering coefficient and participation coefficient, for most of the RSNs.
We also noted differences between RSNs within the same connectome models, such as the cor-
relations of betweenness centrality and other invariants that change depending on the RSNs.

ML Classification of Brain Regions in Multidimensional Graph Spaces

Next, we constructed multidimensional graph spaces for each model. Two examples are given
in Figure 3, where we embed group-representative structural and functional connectomes into
a 3D graph space built from degree centrality, participation coefficient, and within-module
degree z-score invariants. From a visual inspection, brain regions tend to form distinct clusters
in this space. For example, in Figure 3B, we identified two clusters of brain regions. The first
cluster mostly includes brain regions from the subcortical and cerebellum areas and higher-
order brain networks, including the limbic, frontoparietal, and default mode RSNs (sub-RSNs
1). The second cluster contains somatosensory areas belonging to the visual, somatomotor,
dorsal, and ventral attention RSNs (sub-RSNs 2). To gauge the distance separating these bands,
we selected two sets of data points (see Supporting Information Figure S3), computed the
Euclidean distance for each pair, and then made an average across those values. This resulted
in a 0.0969 estimated distance between the bands. We divided the RSNs into two categories
for subsequent ML classification of brain regions in sub-RSNs 1 (limbic, frontoparietal, default
mode, subcortical, and cerebellum RSNs) and sub-RSNs 2 (visual, somatomotor, dorsal atten-
tion, and ventral attention RSNs) regions. Qualitatively, sub-RSNs 1 regions appear to have
greater within-network connectivity, and sub-RSNs 2 regions have greater between-network
connectivity (see Figure 3B).

We used supervised ML to test whether we could automatically classify brain regions into
the categories. We implemented the following classifiers: a binary support vector machine
(SVM), a binary Gaussian kernel, and a binary linear classifier. The fitcsvm, fitckernel, and
fitclinear MATLAB functions (MathWorks Inc., 2022a, 2022b, 2022c) were used to create each
classifier. For each model, all hyperparameters were optimized automatically by MATLAB, set-
ting the OptimizeHyperparameters value to auto. In all cases, classifiers were trained with all
the brain regions from 70 randomly selected subjects and then tested on all the brain regions of
the remaining 30 subjects. Therefore, our trained models were tested on unseen data. In our
case, training an algorithm on 70 randomly selected subjects means that all 70 subjects’ brain
regions’ scores are used as input. In other words, each algorithm used a (70 × 219 = 15,330) ×
n matrix as input. The matrix’s rows correspond to the brain regions of the 70 randomly
selected subjects, and the n columns represent the different nodal property scores (n =
10 in a 10D graph space). The ML task is the following: Given multiple brain regions’
graph space coordinates (rows of the input matrix) and categories’ labels (sub-RSNs 1
vs. sub-RSNs 2 regions), can the algorithm predict to which category the unseen brain
areas belong? The unseen data used for testing is of shape (30 × 219 = 6,570) × n. Each
algorithm was trained and tested on different graph space dimensions (2D, 3D, 10D) to see if
the prediction increased with the dimensionality, based on the idea that a higher dimensional
graph space would yield more brain network information. An overview of our ML approach
can be seen in Figure 4.

We trained the models in 2D (degree and clustering), 3D (degree, clustering, and partici-
pation), and 10D spaces. The nodal property’s choice for the 2D and 3D spaces was based on
the correlation patterns (Supporting Information Figure S1): two invariants with usually
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opposite correlations across all models (degree and clustering) and the same two invariant plus
an invariant showing lower correlations (participation), respectively. The accuracy of each
classifier can be seen in Table 1, which is defined as the number of correctly classified brain
regions divided by the total number of areas. Indirectly, these accuracy values indicate how

Figure 3. Examples of 3D graph spaces. (A) Structural binary connectome embedded in 3D graph
space. (B) Illustration of separation between the association and sensory regions (functional binary con-
nectome). Each dot represents a brain region colored according to the RSN it belongs to. The three axes
of the 3D graph space correspond to the degree centrality, participation coefficient, and within-module
degree z-score nodal properties. The axis (nodal properties) in (A) and (B) were chosen randomly to be
properties with different levels of correlations; others could be used. Panel (A) was the first graph space
to be computed, and panel (B) exhibits two bands that started the idea of applying ML to graph spaces.
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suitable the graph space can be when trying to cluster brain areas. In our case, it directly
measures how ML approaches can separate brain regions in abstract multidimensional
graph spaces. As seen in Table 1, the highest test and train accuracy (86%) was achieved
using a binary Gaussian classifier on the FCWEI connectome model in a 10D metric space.
The highest accuracies were achieved using all the 10 nodal properties and ranged from
80% to 86%.

To better understand the increase in accuracy from a 2D to a 10D graph space, we
trained Gaussian classifiers on graph spaces of dimension 2D, up to 10D, in 1D increments.
We used Gaussian classifiers since they were the ones illustrating the highest results. For
graph spaces of dimensions 2 to 9, the classifiers were trained with five combinations of
randomly selected nodal properties, and all 10 features were used for the 10D classifiers.
Figure 5 shows the train and test accuracies of all Gaussian classifiers versus graph space
dimensions. We also report the best and worst nodal feature combinations for each dimension,
and connectome model, in the Supporting Information Figure S6 where the betweenness, par-
ticipation, and within module consistently emerged as the less-effective combination, con-
trasting with PageRank and eigenvector features that frequently feature in the most optimal
combinations.

Taking into account that for dimensions 2 to 9, not all combinations of nodal features were
used for training, and testing, of the classifiers; these results yield more details regarding the
amount of information gained with the addition of new nodal features for our classification task
(measured as ML accuracy). Supporting Information Table S4 shows which nodal features were
used in each Gaussian classifier. We also computed the receiver operating characteristic (ROC)
curve and reported the area under the curve (AUC) for each classifier in Supporting Information
Figure S6. Looking at the curves in Figure 5, the highest increase in accuracy between two
graph space dimensions is from 2D to 3D before exhibiting a plateau in accuracy. Hence,

Figure 4. Schematic of ML analysis. (A) Overview of ML pipeline for one brain region. After computing all graph nodal properties, 2, 3, and
all 10 nodal properties of the brain region are used for each classifier resulting in a 2D, 3D, and 10D prediction. (B) Training pipeline. Each
classifier was trained with 2, 3, and 10 graph nodal properties for all 219 brain regions of 70 randomly selected subjects. This resulted in 219 ×
70 = 15,330 brain regions and labels for each dimension (2D, 3D, 10D). (C) Testing pipeline. 219 × 30 = 6,570 brain regions from the remain-
ing 30 subjects were used as input for the classifiers to produce 6,570 predictions. These predictions were compared with the labels to com-
pute the classifier’s accuracy. This was done for all dimensions (2D, 3D, 10D).

Nodal feature or centrality:
A method or algorithm attributing a
score to each node reflecting it’s
importance in the graph.
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we trained Gaussian classifiers on all combinations of three nodal features to explore all pos-
sible 3D graph spaces since three features seem to be enough to reach a high level of accu-
racy. This resulted in 120 for each connectome model. The train and test accuracies of each
classifier can be seen in Figure 5, and the three best, and worst, nodal combinations for each
connectome model, as well as the correlation matrices of nodal features, are illustrated in Sup-
porting Information Figure S7.

As additional analysis aimed at comprehending the impact of feature addition in graph
spaces, we computed ML accuracy curves for all possible combinations of nodal features
within each dimension for the structural binary network. This process generated 45 classifiers
in 2D, 120 in 3D, 210 in 4D, 252 in 5D, 210 in 6D, 120 in 7D, 45 in 8D, 10 in 9D, and 1 in
10D, as determined by the possible combinations. However, due to constraints in computa-
tional resources and time, this analysis was limited to the structural connectivity (SC) binary
model. The results illustrated in Supporting Information Figure S8 offer an insight on the influ-
ence of nodal feature combinations on ML accuracy. This analysis complements the original
accuracy curves and the exploration of 3D nodal combinations since it combines both anal-
yses and presents a clearer understanding of Table 1. Consistent with our previous ML findings,
the most substantial increase in accuracy still occurs upon the addition of a third feature. On a
more novel point, in this analysis, there appears to be less of a plateau, and the highest overall
accuracies were achieved with nine features. This suggests that a decrease in accuracy may
occur depending on the nature of the feature introduced.

To explore how the different nodal features were related, we projected 10D graph spaces
into lower dimensional (2D and 3D) latent spaces. We first applied a principal component
analysis (PCA) on the 10D graph spaces, which projects the data into a new space where
the axes are the principal components that explain most of the data’s variability. The axes

Table 1. ML classification between sensory and association network nodes

Train accuracy

Binary SVM Binary Gaussian Binary linear

Dim 2D 3D 10D 2D 3D 10D 2D 3D 10D

Model

SCBIN 0.63 0.64 0.74 0.69 0.75 0.82 0.64 0.64 0.73

Length-SCWEI 0.60 0.60 0.74 0.51 0.72 0.86 0.60 0.59 0.74

FCBIN 0.82 0.82 0.83 0.82 0.83 0.85 0.82 0.82 0.83

FCWEI 0.83 0.83 0.85 0.83 0.84 0.86 0.83 0.83 0.85

Test accuracy Dim 2D 3D 10D 2D 3D 10D 2D 3D 10D

Model

SCBIN 0.63 0.64 0.74 0.69 0.74 0.80 0.64 0.64 0.73

Length-SCWEI 0.61 0.60 0.75 0.51 0.71 0.84 0.61 0.60 0.74

FCBIN 0.81 0.81 0.83 0.81 0.83 0.84 0.82 0.82 0.83

FCWEI 0.83 0.83 0.86 0.83 0.84 0.86 0.83 0.84 0.86

Bold numbers are the highest of the three dimensions for each algorithm and model. The red numbers represent
the highest accuracies of all the corresponding rows. Dim, dimension.

PCA:
A method reducing high-dimensional
data into lower dimension while
keeping the variability of the input.
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of these latent spaces are composed of a weighted combination of the original 10 nodal fea-
tures. Supporting Information Figures S10A and S10B illustrate the 2D and 3D PCA latent
spaces. Here, the 10 vectors represent a nodal feature, and the direction and length of the
vector indicate how much the associated nodal feature contributes to the principal component
axes. This gives insights into how the 10 nodal features are related to one another when
explaining the variability in our data. From the results, the nodal features seem to form three
to four groups, indicating that only three to four features could explain a large portion of our
data’s variation. This is in accordance with our ML results (Figure 5 and Supporting Informa-
tion Figures S5, S8, and S9), where the highest gain in accuracy was after adding a third or
fourth graph feature.

In addition to the PCA analysis, we also applied a Laplacian embedding on our data since
PCA has limitations when handling complex nonlinear data, as previously reported in the lit-
erature (van der Maaten et al., 2009). If data points are close in a high-dimensional space, the
Laplacian embedding retains this information when performing a latent projection. From
the 10D graph space data, we created a network using a k-nearest neighbors algorithm, and
the first eigenvectors of the Laplacian matrix of this network are the axes of the latent space.
Each brain region can then be associated with a position in the latent space. The 2D and 3D

Figure 5. ML train and test accuracies for all connectome models in graph spaces ranging from 2 to 10 dimensions and 3D Gaussian models
on all combinations of 10 nodal properties. The first row represents the train (left) and test (right) accuracy curves of binary Gaussian classifiers
with different nodal properties (features, which represent the graph space dimension) as input. Except for the 10D graph space, the classifiers
were trained with five combinations of randomly selected nodal properties, for each dimension. Each curve represents the mean and the
standard deviation of different connectome models. The bottom row represents the train (left) and test (right) accuracies of Gaussian classifiers
with all possible combinations of three nodal properties as input. Each dot represents a single classifier’s accuracy (train or test) with three
specific nodal properties. These results express how wide the accuracy range of a classifier can be based on a different combination of nodal
features. The top left represents the mean of the train accuracies, and the top right represents the mean of the test accuracies.

Laplacian embedding:
A data dimensional reduction
method based on the Laplacian
matrix graph of the data.
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Laplacian embedding results can be seen in Supporting Information Figure S10C, where each
dot represents a brain region. These results illustrate the complex nonlinear relationship
between the nodal features. PCA and the Laplacian embedding were applied on the average
networks for each connectome model. These results provide illustrations of graph spaces into
lower dimensional latent spaces.

Spatial Comparison of Brain Regions of Different Subjects in a Multidimensional Graph Space Using

Euclidean Distance

The final analysis of this study was to investigate the distance between brain regions in the
multidimensional graph spaces. Each brain region has a set of coordinates (its graph nodal
property scores), and we compute the distance between points using the Euclidean distance d:

d xi ; yið Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX10

n¼1
xi;n − yi;n
� �2r

(1)

where n is the invariant, x and y are two distinct subjects, and i is a specific brain region.
Hence, xi and yi are vectors with 10 values each, and d(xi, yi) represents the distance between
the two brain regions, xi and yi, embedded in the 10D graph space. Computing the Euclidean
distance for each brain region between two different connectomes gives a vector of 219
values, each representing the Euclidean distance between the same brain region of different
subjects. The distances between every pair of subjects were computed, allowing the compar-

ison between different subjects. All these distances formed a 100
2

� �
= 4,950 × 219 matrix for

each connectome model. Averaging across all comparisons resulted in a total distance vector
of 219 values for each model. For each model, these vectors represent the average intersubject
distance of each brain region. The results are shown in the Supporting Information Figure S11.
Furthermore, to mitigate the effect of potential outliers, we computed the ratio between the
mean and the standard deviation of its pairwise intersubject distances for each brain region.
These results can be seen in the Supporting Information Figure S11.

For the structural models, regions of the default mode network exhibit the highest inter-
subject distances in the binary connectomes, and temporal regions in the weighted connec-
tomes. The pattern is less clear in the functional models; nevertheless, the frontoparietal and
temporal areas always yield relatively high intersubject distances, suggesting that these
regions carry the largest proportion of interindividual variability in nodal topological embed-
ding within multidimensional graph spaces. The highest intersubject distances concern the
functional and mixed models (FCBIN and FCWEI), while the lowest distances concern the
structural models (SCBIN and Length-SCWEI). This result suggests that the functional and
structure–function mixed information differentiates subjects better than the structural infor-
mation alone.

To estimate the difference in graph space distance in the original data versus random
models, we compared the 10D intersubject variabilities from our data with the same dimen-
sional intersubject variability from two randomized models created from the Brain Connectiv-
ity Toolbox (Brain Connectivity Toolbox, 2022). The first model, Random 1, is a randomization
of the edges of a network but preserves the degree distribution. The randomization process
occurs by rewiring each edge a certain number of times, five in our study, and was achieved
using the “randmio_und()” function, which is based on Maslov and Sneppen’s approach
(Maslov & Sneppen, 2002). The second model, Random 2, preserves the strength distribution
of a network in addition to the degree distribution. The edges were also rewired five times via
the “null_model_und_sign()” function for this method. These models were used since they are
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standard in the field and because they preserve essential features of our networks. A compar-
ison with a completely random network would yield weaker information regarding the sta-
tistical significance of the results. However, comparing random models retaining specific
network features, such as degree distributions, results in a more compelling outcome. The
statistical significance in this case is not a result of global network differences but, instead, of
more complex structures specific to brain networks. One thousand random networks were
created for each model, resulting in 2,000 random networks.

For both random models, a null distribution was generated for each brain region by com-
puting the single nodal distance between every pair of random networks, resulting in a total of
499,500 distances for both Random 1 and Random 2 models. Consequently, for each of the
219 brain regions, an average single nodal distance was derived from the comparison across
all 100 subjects (averaging 4,950 distances) and 499,500 distances from the 1,000 random
networks. For a single brain region, Supporting Information Figure S14 depicts the null distri-
butions of both random models and the single brain region distance in the form of histograms,
along with the average intersubject nodal distance of the corresponding brain region from our
HCP data, indicated by the green vertical line. Distributions have been rescaled for the total
elements to estimate the probability density function. The number of null distances surpassing
the intersubject single nodal distances from our data for each brain region was calculated. This
represents the percentage of the null histogram with values higher than the green line in Sup-
porting Information Figure S14. Following the statistical methodology employed in a previous
study (Griffa et al., 2023), these percentage values were interpreted as p values and cor-
rected for False Discovery Rate (FDR), resulting in a binarization into 0 (nonsignificant; shown
in blue) and 1 (significant; shown in orange) for improved visualization. Consequently, this
yielded a significant versus nonsignificant outcome for every brain region, with Figure 6 pre-
senting the results for Random 2 and Supporting Information Figure S14 for Random 1. As a
second approach, a z-scoring to the corresponding null distributions was applied to the inter-
subject nodal distances. For each brain region, the mean of the associated null distribution
was subtracted from the intersubject nodal distance. The result was then divided by the stan-
dard deviation of the same null distribution. The resulting z-scores (one per brain region) were
thresholded at 1.96 to provide a screening of the distances, and the results can be seen in the
Supporting Information Figure S15 and S16. This more qualitative method was also employed
in a previous study (Griffa et al., 2023). While the results show mostly no significant single
brain region distances regarding structural networks, they indicate that several brain regions
statistically differ from the null model, particularly for association cortex nodes, in the func-
tional connectivity (FC) data, which correspond to areas previously shown to have “long-
range” FC properties (Sepulcre et al., 2010).

After investigating interindividual distances between homologous brain regions, we com-
puted the average interindividual distance of all 219 brain regions to get a single global dis-
tance measure between connectome pairs. This resulted in 4,950 global distances, one
between every pair of subjects, which were then averaged. This value was computed at mul-
tiple network densities to determine how fast these distances would increase or decrease as a
function of density for each model. The results for each independent model and all models
together can be seen in the Supporting Information Figures S17 and S18. Here, the density of
our connectomes is just the amount of strongest connections kept concerning all connections.
These results are to be taken as proof that a single global distance between different connec-
tomes can be computed. In our results, the implication of these global distances and curves
will not be discussed here since some graph invariants can return aberrant values at low
densities.

p value:
A probability that, under a null
hypothesis, the data observed come
from a random distribution.

FDR:
A method for correcting the number
of significant statistical results when
many comparisons are performed.
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DISCUSSION

In this work, we explored multidimensional graph spaces to study connectomes, and our
method could be conceptualized as a generalization of previous 2D and 3D graph nodal prop-
erty approaches (Joyce et al., 2010; Zuo et al., 2012). Our results provide the following new
information: (a) graph nodal properties are correlated or anticorrelated at different levels (i.e.,
there exists specific information between invariants); (b) ML algorithms can separate informa-
tion in multidimensional graph spaces, especially in high-dimensional spaces; (c) quantifica-
tion of information increase, measured as classification accuracy, based on several nodal
features; (d) visualization of high-dimensional brain network data in different latent spaces;
(e) embedding brain regions in a Euclidean graph space provides a mathematical definition
of distance between brain regions at multiple scales; and (f ) multidimensional graph spaces
offer a new way to compare two, or more, connectomes from different subjects. We believe
our graph spaces methodology could also be helpful in computational neurosciences.

The correlation patterns showed differences in graph invariants. The changes in patterns at
the whole brain network level, as illustrated in Supporting Information Figure S1, can be elu-
cidated by looking at the differences between connectome models (SCBIN, Length-SCWEI,
FCBIN, FCWEI). Either the structure of the networks is different (the binary structural and func-
tional networks of the brain are known to be different (Fornito et al., 2016; Sporns, 2016)) or

Figure 6. Illustration of the significant versus nonsignificant single region p values, after FDR correction, from random model 2. (A) p values of
the functional models (SCBIN on the left and Length-SCWEI on the right). (B) p values of the functional models (FCBIN on the left and FCWEI
on the right).
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the types of weights (physical vs. topological distances) are different. Both can influence the
computation of the invariants. The divergent correlation patterns between RSNs (Figure 2)
underline the importance of nodal graph measurements. Each RSN is known to be involved
in different cognitive and biological functions (Damoiseaux et al., 2006; Seitzman et al.,
2019; van den Heuvel & Sporns, 2013). This suggests that a brain region’s importance must
be measured considering its subnetwork environment. In other words, each RSN should be
studied with care regarding the choice of nodal invariants, and the relevance of a brain
region in its RSN may not always be compared with areas from other RSNs using the same
invariants.

The graph space has proven to be well-suited for ML applications. Our work achieved 86%
accuracy when classifying brain regions between sub-RSNs1 and sub-RSNs2 areas. Our meth-
odology offers an approach to studying brain areas because they can naturally form clusters in
graph spaces. This brings a unique network classification of these areas instead of a biological
one. It supports the idea that the graph space allows network nodes to isolate, cluster, or
spread themselves spontaneously without any prior hypothesis. All three different ML regimes
tested achieved decent results (Table 1), and almost all the best results came from the Gaussian
classifier. This indicates that nonlinear-shaped algorithms are better suited for brain network
classification in graph spaces. Another noteworthy aspect is that our ML approach not only
was computed on whole brain connectomes but can also be used with subnetworks. For
example, if a disease is known to target specific brain areas, only networks involving these
areas can be studied via graph spaces. Thus, these spaces can be used with networks repre-
senting a different level of brain complexity (whole brain, subnetworks, fewer or more nodes
for the same scale, etc.), showing the adaptability and flexibility of the proposed tool to match
researchers’ needs. Our accuracy results consistently support the notion of increased information
with higher dimensions, although the rate of accuracy increase is not linear, as evidenced in
Figure 5 and Supporting Information Figures S8 and S9. According to our findings, the most
significant improvement in accuracy, and therefore, information gain, occurs when transitioning
from a 2D to a 3D graph space. For functional models, employing more than three nodal fea-
tures leads to marginal increases in accuracy, as indicated by the plateau observed in both
FCBIN and FCWEI accuracy curves. A similar trend is observed in structural models, where
the bulk of accuracy enhancement occurs with three nodal properties, followed by a more grad-
ual increase with additional features. These results suggest that utilizing three nodal properties is
generally sufficient for achieving reasonably accurate classifications. Upon analyzing all 3D
graph spaces (refer to Figure 5 and Supporting Information Figure S7), we identify the three
best and worst feature combinations for our ML classification task. Notably, functional
models exhibit slightly greater variability, particularly the FCWEI model, implying that more
caution should be exercised in selecting nodal features when constructing a functional con-
nectome graph space.

Our current ML approach has some limitations, the biggest being that K-fold cross-
validation should be implemented to reach better accuracy since our results come from
hold-out cross-validation. The number of subjects used (100) could also be increased, and
more sophisticated ML methods could be used, such as neural networks. Nevertheless, we
show preliminary evidence that more extensive information, understanding, and better classi-
fication could come from these networks when at least three dimensions are in place.

Finally, we proposed a new distance measure in the graph space to compare single brain
regions and whole brain comparison (Figure 6 and Supporting Information Figures S11, S18,
and S19). It is known that connectomes of different subjects express differences between them
(Varoquaux & Craddock, 2013; Van De Ville et al., 2021); however, graph spaces offer a
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different angle to explore discrepancies between connectomes, via multiple network algo-
rithms. The distance across subjects’ results expresses how topologically far brain regions
are from each other, from a network perspective. More specifically, if the distance between
the same pair of regions from different subjects is high, this region is not located at the same
position for both subjects in the graph space. Hence, there is a network difference between
both subjects. Based on our results (Figure 6 and Supporting Information Figures S10, S15, and
S16), structural and functional distances may be used to understand the brain’s distance pat-
terns further. The structural distances yielded high values in the default network areas and low
values in frontoparietal and visual networks. The high values in the default network could
come from elements comprising this RSN that are spread across the brain (Seitzman et al.,
2019; Shulman et al., 1997; van den Heuvel & Hulshoff Pol, 2010) and, thus, could differ
structurally (in length or strength) between different people. The functional distances appeared
to be highest in the frontoparietal and temporal areas and lowest in the somatomotor and dor-
sal networks. The frontoparietal regions are known to be involved in complex cognitive activ-
ities (Marek & Dosenbach, 2018); thus, it is reasonable that these regions are subject-specific
and express high distances from each other in fMRI data.

Whole distance results are not straightforward to interpret since we lose some information,
having only one distance value. Nevertheless, a trend is that networks express lower distances
at high density. Also, functional networks exhibit higher distances than structural models,
expressing that functional brain information is more subject-specific than structural data. In
other words, the physical distance used in the structural connectomes is more similar across
subjects than the topological functional distance. This could come from the fact that the
global, underlying brain structure is relatively similar across humans, even though differences
can be found at multiple connectivity levels (Sporns et al., 2005).

We believe that multidimensional graph spaces are tools that could permit researchers to
discover brain patterns. Closest neighbor, topological data analysis via persistent homology
and Betti numbers, and state-of-the-art ML techniques (Bagrow & Bollt, 2019; Berlingerio et al.,
2012; Grover & Leskovec, 2016; Mheich et al., 2020; Narayanan et al., 2017; Takahashi et al.,
2012) are examples of future research areas. Regarding the ML approaches, analyses of
clinical data could help identify cluster-specific brain regions involved in neurological dis-
eases nonincisively. More sophisticated ML methods, such as neural networks, should also
be investigated to see if they could better locate brain data patterns embedded in high-
dimensional graph spaces. Also, ML analyses of subnetworks can offer a new perspective
on identifying network differences and patterns extractable from and across them. Studies
have already investigated connectome comparisons between different species (Faskowitz
et al., 2023; Mheich et al., 2020), but this could also be a future research area regarding graph
spaces. Another relevant question for future work is whether nodal properties are redundant
when gaining new information. We argue here that high-dimensional spaces are well suited
for studying connectomes, but does each new dimension (each nodal property) give us more
information than we already had in lower dimensional spaces? Two types of answers can be
considered in this context: (a) Some nodal properties do not improve the knowledge of the
connectome in a graph space sense, leading to a debate over which nodal properties convey
the most information, or (b) any new nodal measure computed can either increase the amount
of global information or equal it, but never decrease it. Our preliminary results suggest that the
increase in performance, as features are added, is not linear since most of the accuracy
increase happens after the third graph space dimension.

Another question regarding ML in graph spaces is how it compares with state-of-the-art
graph ML or other comparison methods (Mheich et al., 2020). Examples include node2vec
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(Grover & Leskovec, 2016), which uses nodal values of a graph to learn a vector representa-
tion of nodes via random walks and word embedding tools; graph2vec (Narayanan et al.,
2017), which relies on representation learning to perform whole graph embedding; NetSmile
(Berlingerio et al., 2012), which uses seven predefined graph features and Singular Value
Decomposition to output a similarity score between whole networks; network portrait diver-
gence (Bagrow & Bollt, 2019), which uses network portraits and information theory to com-
pare networks; or graph spectral entropy (Takahashi et al., 2012) that uses the eigenvalues of
the adjacency matrix to compute an entropy graph score, which can be used to compare
graphs. All these methods have their advantages and can be used for different purposes. How-
ever, it is nontrivial to compare our approach with these methods as global distances resulting
from graph spaces are hard to interpret and have not been tested with subject classification.
Still, this topic should be revisited in detail in future studies.

In conclusion, we explore graph spaces in the context of neuroscience. However, as men-
tioned previously, it can be used with any network; therefore, it is not just a fruitful tool in
computational neuroscience but it could lead to novel findings in any other field involving
the use of networks.

METHODS

Dataset and Preprocessing

This study used a Human Connectome Project dataset of structural MRI and fMRI data from
100 unrelated subjects (Van Essen et al., 2013). All diffusion MRI data were processed
following the main MRtrix guidelines (Tournier et al., 2019) with two modifications: (a) The
track seeding was set to 20 million tracts, and (b) the algorithm “spherical deconvolution
informed filtering of tractograms” 2.0 (Smith et al., 2015) was used.

The fMRI data included four sessions of resting state acquired for each subject (two per day
with opposed phase encoding direction), each composed of time series of 1,200 acquired vol-
umes (TR = 0.72 s between volumes) that were preprocessed as in a previous study (Van De
Ville et al., 2021). Briefly, preprocessing steps included linear and quadratic detrending,
removal of motion regressors and their first derivatives, removal of white matter, cerebrospinal
fluid average signals and their first derivatives, and a bandpass filter in the range of
0.01–0.15 Hz.

Connectomes

The 200 cortical regions of the Schaefer parcellation (Schaefer et al., 2018), plus 19 subcor-
tical and cerebellum regions (as in Griffa et al., 2022), were used to create the connectomes.

The edges of both structural connectomes (SCBIN and Length-SCWEI) represent anatomical
connections between the brain regions. Two graphs were created using two metrics as edges:
fiber length and the number of streamlines (Griffa et al., 2023). The fiber length matrices rep-
resent the distance separating two brain regions in millimeters, and the number of streamline
matrices expresses the strength of the connection between different brain areas. A consensus
mask across all subjects was computed by binarizing the number of streamline matrices. This
resulted in a matrix where the ij-th element is 1 if there is a connection between brain regions i
and j across all subjects; otherwise, it is 0. Next, the average of all 100 fiber length matrices
was multiplied with the consensus mask, giving an average masked fiber length matrix. This
matrix is a structural connectome created using all subjects’ structural information. The den-
sity of this average structural connectome was used to obtain single-subject structural con-
nectomes, where individual fiber length matrices were thresholded to keep only more robust
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connections and match the average connectome density. The connections retained are the
edges associated with the smallest weights (here, weights represent distances). Therefore,
these edges represent physically proximate brain regions. The Length-SCWEI model con-
siders these single-subject fiber length matrices, while the SCBIN model considers the same
matrices but binarized. The reason for using the fiber length as weights for the structural
model was motivated since we wanted to use both the number of streamlines and fiber
length information.

For the functional connectomes (FCBIN and FCWEI), the edges do not represent a phys-
ical connection but a statistical correlation between fMRI signals of different brain areas.
The pairwise correlations between regional average time series were computed and con-
sidered as edges of a functional connectome. The information these matrices convey does
not refer to physical links between nodes but rather how similar their activity pattern is.
Conversely, if the activity of two brain regions is desynchronized, their correlation will
be low. The absolute value of each element was computed, and the density of the average
masked fiber length matrix was again used as a threshold to keep only the most robust
connections. Furthermore, the FCWEI model is the single-subject matrix with the original
correlation numbers, while the FCBIN model is the same matrix but thresholded to have a
binary matrix.

A remark should be made on the fact that thresholding of data, specifically functional
data, can wrongly generate graph properties (Cantwell et al., 2020; van den Heuvel et al.,
2017). This can also result in aberrant nodal properties if the networks are composed of
multiple components. To address this issue, we also computed the ML accuracies, mean sin-
gle region distances, and the z-scored single brain distances on unthresholded structural and
functional networks. The results are in the Supporting Information Figures S9 and S13. The
ML findings demonstrate a distinct pattern compared with thresholded matrices (Figure 5),
showing a smaller increase in accuracy between 2D and 3D nodal features and a less
prominent plateau effect with three or more nodal features. These results suggest that for
unthresholded FC and SC matrices, the precision accuracy primarily improves between
two and five nodal features, with a slower rate of accuracy improvement observed beyond
five nodal features. Structural average intersubject distances illustrate a similar pattern than
our previous results (Supporting Information Figure S11), but motor regions tend to have
higher values for functional distances. Z-score results do not yield any clear patterns. These
analyses illustrate how graph spaces can be used for both threshold and unthreshold FC
and SC matrices.

Graph Invariants

Let G be a graph with n vertices, jV j = n. The adjacency matrix A of G is an n × n symmetric
matrix where each element aij is defined as,

aij ¼ 1 if vi ; vj
� � 2 E 0 otherwise

�

A graph nodal property is an algorithm that takes as input a graph, G, and computes a
score, si, for each vertex belonging to V. Each vertex score represents how vital this vertex
is in the whole graph. The 10 following nodal properties were used in this study.

Degree:

The degree nodal property, CD, of a vertex i is defined as the number of neighbors of i.
CD(i) = deg(vi).
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Betweenness:

The betweenness nodal property, Cb, of a vertex i is the ratio of the shortest paths connect-
ing any pair of vertices, s and t, that passes through i divided by the total number of shortest
paths between s and t. Cb ið Þ ¼ P

s≠i≠t
σ ist
σst

where σsit is the number of shortest paths from s to t

that passes through i, and σst is the total number of shortest paths from s to t.

Closeness:

The closeness, Cc, of a vertex is the inverse sum of the length of the shortest paths connect-

ing the vertex to all other vertices in the graph. Cc ¼ 1P
s

d i;sð Þ, where d(i, s) is the distance

between vertices.

Eigenvector:

The eigenvector nodal property, Ce, is based on the idea that if a vertex vi is linked to many
vertices with a high eigenvector score, it will also have a high eigenvector score, and vice

versa if it is linked with lower scores. Ce við Þ ¼ 1
λ

Pn
s¼1 aisvs , where λ is the highest eigenvalue

of the adjacency matrix A.

Clustering:

The clustering coefficient, Cclu, of a vertex i, represents how much the vertices connected to

i are linked together. Cclu ¼ Li
ki ki−1ð Þ=2, where Li is the number of edges between the neighbors of

i and ki is the degree of i.

Participation:

The participation coefficient, Cp, reflects how much a vertex i is linked with vertices of its
module or vertices from other modules. Modules can be thought of as clusters of vertices that

are highly interlinked. Cp ið Þ ¼ 1 −
PM

m¼1
di mð Þ
di

� �2
, whereM is the set of all the modules, di is

the degree of vertex i, and di(m) is the degree between vertex i and all vertices in module m.

Within-module degree z-score:

The within-module degree z-score, Cz, of a vertex i, is the z-score of i within its module. It is

related to the degree of a vertex but only within its module. Cz ið Þ ¼ dmi− mean dmið Þð Þ
σdmi

, where d is

the degree of vertex σdmi
in its module mi, mean(dmi) is the mean degree of i within its module

mi, and σdmi
is the standard deviation of the degree of i within its module.

PageRank:

The PageRank Google’s nodal property, Cpr, is a variation of the eigenvector nodal property
but follows the same idea of self-reference. The PageRank score of a vertex i can be thought of
as the amount of time a random walker would spend on i concerning the whole graph and
with a damping factor specifying the amount of time the random walker will step on a neigh-

borhood vertex i. Cpr ið Þ ¼ 1 − d þ d
Pn

s¼1
aisCpr sð Þ
d sð Þ , where d is the damping factor, usually

0.85, and d(s) is the degree of vertex s.

Average shortest path:

The average shortest path nodal property, Casp, is a measure of the efficiency of a vertex in
transferring information in the whole network. It can be defined as the reciprocal of nodal

efficiency. Casp ið Þ ¼ 1
Eglobal ið Þ, where Eglobal ið Þ ¼ 1

n n−1ð Þ
P

s
1
lis

is the global efficiency of vertex i,

with lis being the shortest path between vertices i and s.
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Subgraph:

The subgraph nodal property, Cs, of a vertex i is a weighted sum of a closed walk that can

be of different lengths, starting and ending at i. Cs ið Þ ¼ Pn
j¼1 xij

� �2
eλj , where xj is the j-th

eigenvector of A, xi is the i-th component of xj, and λj is the j-th eigenvector.

All the analyses and nodal properties were computed on MATLAB using the Brain Connec-
tivity Toolbox (Brain Connectivity Toolbox, 2022), and after computation, all nodal measures
were individually normalized (each property vector was normalized to the highest value of the
vector by taking the ratio of each value to the maximum value of the vector, resulting in scaling
the data between 0 and 1 and potentially reducing the impact of outliers that could have
extreme values). The latent space results (Supporting Information Figure S10) were computed
via the MATLAB Toolbox for Dimensionality Reduction (van der Maaten, 2024).
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